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Trade-off between flux efficiency and metabolic
control shapes enzyme allocation
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Abstract

Efficient use of limited cellular resources is fundamental to
metabolism. Although flux optimization is widely recognized as a
central objective of metabolic networks, how flux efficiency influ-
ences the allocation of the metabolic proteome remains unclear
and lacks direct validation. Here, we derive a simple analytical
relationship linking the equilibrium constant (K) and the catalytic-
abundance quotient (CAQ) of reactions within a pathway that
defines the condition for maximal efficiency. By integrating reac-
tion thermodynamics, enzyme kinetics, transcriptomic, and pro-
teomic data, we compared enzyme allocation in glycolysis and the
TCA cycle with this K-CAQ relationship across evolutionarily dis-
tant species, and showed that deviation from it can be explained
by a trade-off between maximizing flux efficiency and con-
centrating flux control. Moreover, the drive to optimize glycolytic
efficiency is strengthened under oncogenic signaling and a limited
cellular budget for glycolytic enzymes. These findings establish a
principle of Pareto optimality governing enzyme allocation in
metabolic pathways and reveal key determinants of efficiency
optimality in glycolysis.
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Introduction

From autocatalytic chemical reaction systems in the prebiotic world
to complex, compartmentalized metabolic networks of modern
cells, the evolution of metabolism has lasted for billions of years.
The optimization of fitness during the evolution of metabolism
covers multiple facets, including its ability to sustain robust
metabolic fluxes, minimize investment of resources, and maintain
functions upon environmental perturbations. As one of the earliest
biological processes to be mathematically modeled, these metabolic
objectives can be formalized to predict metabolic states that
maximize fitness (Islam et al, 2025).

Efficient resource utilization is a central goal of metabolism.
Among essential resources of metabolism, the cellular proteome is a
major investment, as biosynthesis of proteins is among the most
energy-consuming cellular processes, contributing to roughly 20%
of the basal metabolic rate (Welle and Nair, 1990). Consequently,
the proteome is under strong pressure for efficiency optimization.
Evidence for this theory spans multiple scales: amino acids with low
synthetic costs are preferred in the proteome of unicellular
organisms such as bacteria (Akashi and Gojobori, 2002; Heizer
et al, 2006) and yeast (Chen and Nielsen, 2022) as well as in cancer
cells (Zhang et al, 2018). Dietary amino acid intake matching the
proteomic amino acid composition has beneficial health outcomes
in multicellular organisms (Piper et al, 2017), probably by saving
the cost of amino acid biosynthesis. The goal of minimizing
proteome cost is implicitly encoded in the current codon system,
which serves as the very fundamental logic of almost all existing
organisms to minimize the potential increase in amino acid
biosynthetic cost under mutations (Shenhav and Zeevi, 2020). At
the whole proteome level, coarse-grained mathematical modeling
and quantitative biology experiments have shown that its allocation
into major functional groups such as ribosome and metabolism for
maximizing proliferation can precisely explain the emergence of
growth scaling law, overflow metabolism, and many other
phenomena in several bacteria species (Basan et al, 2015; Flamholz
et al, 2025; Scott et al, 2010; Zhu et al, 2025).

A key question about such an economic principle is how it
governs the operation of individual metabolic pathways. Proteo-
mics data across bacterial species showed that the relative
abundance of glycolytic enzymes are conserved across species and
related to reaction thermodynamics, implying the existence of such
optimality principles (Khana et al, 2025). This can be mathema-
tically framed as maximizing pathway flux under limited enzyme
abundance - a constrained optimization problem solvable either
analytically or numerically if reaction kinetics and thermodynamics
are known. While theoretical works on optimal proteome allocation
often adopt a coarse-grained strategy focusing on major functional
classes, our understanding of optimal enzyme allocation within
individual pathways is still limited. Early theoretical work of
metabolic control analysis (MCA) derived general conditions for
optimal efficiency (Brown, 1991; Heinrich and Klipp, 1996; Klipp
and Heinrich, 1999). For instance, upon optimal pathway
efficiency, the flux control coefficients (FCCs), which quantify
how the pathway flux responds to perturbations of single enzymes,
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are proportional to the enzyme abundances (Heinrich and Klipp,
1996). However, a major challenge is translating these theoretical
principles into testable predictions against modern omics data,
because the theory of MCA was developed in the 1970s, long before
high-throughput sequencing-based omics technologies were avail-
able. A numerical method for solving the optimal enzyme
allocation (Noor et al, 2016) and rate-law-dependent analytical
solutions have been derived later, but for realistic
Michaelis–Menten kinetics, an analytical solution is unavailable
as the optimization problem becomes highly nonlinear (Noor and
Liebermeister, 2024). Moreover, these theoretical models ignore
multi-substrate reactions and isozyme-catalyzed reactions, hence
their predictions are difficult to validate robustly due to the noise in
experimental measurements and the complexity of in vivo meta-
bolic systems. Therefore, a universal, simple, and experimentally
testable quantitative relationship connecting enzyme abundance
and reaction characteristics at optimal efficiency is lacking.

In this study, we establish a quantitative principle underlying
metabolic enzyme allocation for linear pathways at optimal
efficiency. This theory provides a simple, explicit equilibrium
constant (K)-catalytic abundance quotient (CAQ) relationship
linking reaction thermodynamics, catalytic efficiencies, and enzyme
abundances testable with real-world data. Using glycolysis as a
model pathway, we compare enzyme allocation profiles and this
K-CAQ relationship across bacteria, yeast, and human cells, and
investigate deviation of glycolytic reactions from this K-CAQ
relationship. We found that the deviation from this K-CAQ
relationship can be explained by the trade-off between maximiza-
tion of flux efficiency and metabolic control, in which cells sacrifice
flux efficiency to concentrate flux control into a few key steps. Such
theory of flux-control trade-off is validated by enzyme allocation
profiles and metabolite concentrations in real metabolic pathways
such as glycolysis and the TCA cycle. Finally, we quantified the
tendency of efficiency optimization for glycolysis and found that
stronger efficiency optimization is associated with enhanced
oncogenic signaling in tumors and a limited total amount of
glycolysis enzymes across diverse conditions. These findings reveal
a simple economic principle by which metabolic pathways balance
flux efficiency with flux regulation across phylogenetically distant
species.

Results

The allocation of human metabolic enzyme abundances
is conserved

To test the hypothesis that metabolic enzyme abundance follows
conserved allocation principles, we analyzed quantitative proteo-
mics data for 378 human cancer cell lines in the CCLE project
(Nusinow et al, 2020) and transcriptomics data for TCGA tumors
and normal tissues. We found that the allocation of glycolytic
enzymes was highly conserved across cell lines with different
tissues-of-origin (Fig. 1A). The conservation persists when
extended to genome-scale metabolic enzymes, with a median
pairwise Spearman’s rank correlation coefficient of metabolic
enzyme abundance exceeding 0.8 at both protein and transcript
levels (Fig. 1B–E). A moderate correlation (Spearman correlation
around 0.5) was also observed between protein abundances in the

cell lines and transcript levels in the tumors (Appendix Fig. S1),
suggesting that the allocation of metabolic enzyme abundance is
robust across different omics layers. These results reveal a
conserved allocation of metabolic enzymes across diverse human
cell and tissue types, indicating optimality principles underlying
them.

K-CAQ coupling at optimal efficiency of
metabolic pathways

We hypothesize that the conserved allocation of metabolic
enzymes is a consequence of efficiency maximization. The
efficiency of a metabolic pathway means the ability of it to
achieve as high a steady state flux as possible with a limited total
amount of metabolic enzymes. To simplify mathematical deriva-
tion, we start from the simplest linear metabolic pathway
consisting of a chain of subsequent unimolecular reactions. We
assume first-order reaction kinetics (Fig. 2A), which can be used
to approximate the Michaelis–Menten rate law when the substrate
concentration is much lower than the Michaelis constant Km of
the enzyme:

vi ¼ ki Si�1½ � � Si½ �
Ki

� �

In which ki is the apparent rate constant for the ith reaction,
defined as a product of the enzyme abundance ½Ei� and catalytic
efficiency ai for the enzyme catalyzing this reaction. At steady state,
when the concentrations of boundary metabolites Sin and Sout are
fixed, the pathway flux J is a function of enzyme abundances ½Ei�,
catalytic efficiencies ai, and equilibrium constants Ki. We define the
flux efficiency of the pathway as the ratio of the flux J to the total
enzyme abundance

Pn
i¼1½Ei�:

η ¼ JPn
i¼1½Ei�

We then derived the conditions for the pathway to maximize the
flux efficiency η. As the rate of each reaction is linear to its apparent
rate constant k, which is proportional to the enzyme abundance ½E�
(Appendix mathematical derivations, section 2.1), multiplying each
enzyme abundance ½Ei� by a constant α while keeping Sin½ �; Sout½ �
and K unchanged does not affect the value of η:

η Sin½ �; Sout½ �; a;E; Kð Þ ¼ η Sin½ �; Sout½ �; a; αE; Kð Þ

Therefore, without the loss of generality, the problem of
maximizing the flux efficiency η is equivalent to the constrained
optimization problem below:

max J; s:t:

ki ½Si�1� � ½Si�Ki

� �
¼ J

ki ¼ ai½Ei�Pn
i¼1
½Ei� ¼ Et

8>>>><
>>>>:

In which Et is the total abundance of enzymes available to this
pathway. Using Lagrange’s multiplier method (Appendix mathematical
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derivations, section 3.2.1), we can prove that the relationship below
holds for every tandem reaction pair at maximal efficiency:

Ki ¼ ai Ei½ �2
aiþ1 Eiþ1½ �2 (1)

This relationship states that the equilibrium constant of the
upstream reaction, Ki, must equal the ratio of the catalytic
efficiencies multiplied by the squared enzyme abundance ratio, a
term we define as the catalytic-abundance quotient (CAQ).

Next, we extended our theoretical analysis to zero-order kinetics
and reversible Michaelis–Menten kinetics, deriving conditions for
optimal pathway efficiency for both. For each of these reaction
kinetics, the optimal condition has a generalized form (Fig. S2a;
Appendix mathematical derivations, section 3.2.1):

KiΦi ¼ ai Ei½ �2
aiþ1 Eiþ1½ �2

In which Φi ¼ ½Si�1 �½Siþ1 �Kiþ1½Si�2 for zero-order kinetics and Φi ¼ 1 for first-

order kinetics. For Michaelis–Menten kinetics, the form of Φi depends

on the concentrations of metabolites, equilibrium constants, and
Michaelis constants related to the two reactions ri and riþ1. To validate
the relationship between KΦ and CAQ under Michaelis–Menten
kinetics, we performed numerical simulations of a 10-reaction pathway
(Fig. 2B, “Methods”). For most parameter sets simulated, log10ðKΦÞ
and log10ðCAQÞ exhibited near-perfect agreement at maximal flux
efficiency, with Pearson’s correlations close to 1 and RMSE values close
to 0 (Appendix Fig. S2b,c). Moreover, despite the complexity in the
form of Φi, the coupling between Ki and CAQ persists under
Michaelis–Menten kinetics, as shown by the strong positive correlation
between log10ðKÞ and log10ðCAQÞ across almost all parameter
configurations (Fig. 2C) independent of enzyme saturation levels
(Fig. 2D; Appendix Fig. S2d,e).

Finally, we extended the analysis to branching pathways (Appendix

Fig. S3). Optimization of flux efficiency in these pathways can be solved

by minimizing the total enzyme abundance under a given steady state

flux configuration, since it is impossible to define a single flux efficiency
metric due to the coexistence of multiple branches. We considered both
diverging and converging pathways (Appendix Fig. S3b). Although

A B

C D E

Figure 1. Allocation of human metabolic enzyme abundances is conserved.

(A) Allocation of glycolysis enzyme abundances in 8 human cancer cell lines in the CCLE project. (B) Scatter plot comparing the abundances of metabolic enzymes
between two human cancer cell lines, MCF-7 and HCT-116. Colors indicate the density of data points. Sample size: n= 1830 enzymes; statistical test: Spearman’s rank
correlation test. P value < 10−323 means that the P value is below the numerical precision limit of MATLAB double-precision calculations. (C) Distribution of Spearman’s
rank correlation coefficient of metabolic enzyme abundance between 378 different human cancer cell lines in the CCLE project. Sample size: n= 87,990 cell line pairs.
(D) Distributions of Spearman’s rank correlation coefficient of metabolic gene expression between human tumor samples in the TCGA project. Horizontal lines indicate
median values. Sample size: n= 624,403 (BRCA), 42,196 (COAD), 135,981 (HNSC), 146,611 (KIRC), 146,070 (LUAD), 125,751 (LUSC), 125,751 (PRAD), 131,328 (THCA)
sample pairs. (E) Distributions of Spearman’s rank correlation coefficient of metabolic gene expression between human normal tissue samples in the TCGA project.
Horizontal lines indicate median values. Sample size: n= 6328 (BRCA), 820 (COAD), 946 (HNSC), 2556 (KIRC), 1711 (LUAD), 1275 (LUSC), 1326 (PRAD), 1711 (THCA)
sample pairs. Source data are available online for this figure.
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strict equality between K and CAQ no longer holds, the optimality
solution still obeys inequalities with similar form: for the diverging

pathway, the relationship K1<
a1 E1½ �2Pn

i¼2ai Ei½ �2
holds, while for the converging

pathway, the relationship becomes
Pn�1

i¼1
ai Ei½ �2
Ki

<an En½ �2 (Appendix

Fig. S3b,c and Appendix mathematical derivations, section 4.3). If we

define CAQ ¼ a1 E1½ �2Pn

i¼2ai Ei½ �
2 for the diverging pathway, and CAQi ¼ ai Ei½ �2

an En½ �2

for the converging pathway, the inequalities can be written as K1<CAQ

for the diverging pathway and
Pn�1

i¼1
CAQi
Ki

<1 for converging pathway.

Therefore, optimal enzyme allocation profiles in these pathways are still
constrained by the relationship between K and CAQ.

To summarize, our theoretical analysis reveals a relationship of
K-CAQ coupling that links enzyme abundance, efficiency, and
reaction thermodynamics at optimal efficiency of metabolic path-
ways. The mathematical simplicity of this relationship allows direct
validation of it with omics data across diverse biological contexts.

Validation of the K-CAQ relationship using omics data

Validation of the K-CAQ relationship at maximal flux efficiency

requires the equilibrium constant K of metabolic reactions, and

catalytic efficiency and abundance of metabolic enzymes. We
estimated these parameters using a multi-step workflow (Fig. 3A,
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10 steps with Michaelis-
Menten kinetics
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Figure 2. K-CAQ coupling at optimal efficiency of metabolic pathways.

(A) The mathematical model for maximization of flux efficiency in a linear metabolic pathway with first-order kinetics. (B) Scheme of a linear metabolic pathway model
with reversible Michaelis–Menten kinetics. (C) Bar plot showing the distribution of Pearson’s correlation coefficient between log10(K) and log10(CAQ) at optimal
efficiency for the linear metabolic pathway with Michaelis–Menten kinetics. Sample size: n= 4533 parameter sets. (D) Scatter plot comparing mean enzyme saturation
term and Pearson’s correlation coefficient between log10(K) and log10(CAQ) at optimal efficiency for the linear metabolic pathway with Michaelis–Menten kinetics.
Colors indicate the density of data points. Sample size: n= 4533 parameter sets. Source data are available online for this figure.
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“Methods”). We computed the equilibrium constants from their
standard Gibbs free energy changes, estimated catalytic efficiency of
the enzymes from their kcat and Km values and substrate
concentrations, and obtained enzyme abundances from proteomics
datasets for 378 CCLE human cell lines (Nusinow et al, 2020), S.
cerevisiae (Ho et al, 2018), and E. coli (Mori et al, 2021). Moreover,
acknowledging that the protein abundances and transcript levels
are substantially correlated at the cross-gene level (Buccitelli and
Selbach, 2020; Schwanhausser et al, 2011) (Appendix Fig. S1), we
also used transcriptomics datasets for human tumor samples and
normal tissue samples in the TCGA project to validate our theory.
These datasets were combined to compute the CAQ for each

tandem reaction pair, which was finally compared to the
equilibrium constants of upstream reactions.

We next address two complexities of real-world metabolism that
are not present in our initial theoretical analysis: the involvement of
cofactors and isozymes. For reactions depending on cofactors
(ATP/ADP, NADP+/NADPH, NAD+/NADH, and so on), we
combined experimentally measured intracellular concentrations of
these cofactors in the literature to compute adjusted equilibrium
constants K 0 which were used for validation (Fig. 3B, “Methods”).
For reactions catalyzed by isozymes, whose relative abundances are
largely conserved across tissue types (Appendix Fig. S4), we treated
their relative abundances as constant. Under this assumption, we

Kinetic parameters of
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Machine learning
models: DLKcat ( ), 
Kroll’s model ( )

Estimation of equilibrium constants

Thermodynamic parameter of 
metabolic reactions: Δ
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data in literature

Estimation of catalytic efficiency of enzymes:

Abundance of metabolic enzymes:

378 CCLE cell 
lines
(proteomics)

5008 TCGA tumor and 
normal tissue samples
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66 experimental
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E.coli (proteomics)
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Figure 3. Validation of the K-CAQ relationship at maximal flux efficiency.

(A) Workflow for validation of the K-CAQ relationship with thermodynamics, enzyme kinetics, and omics datasets. (B) Adjustment of equilibrium constants for reactions
depending on cofactors such as ATP/ADP. (C) K-CAQ relationship at maximal flux efficiency for reactions catalyzed by isozymes.
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derived a generalized form of the K-CAQ relationship, in which the
CAQ term involves the catalytic efficiencies and abundances of all
isozymes (Fig. 3C, Appendix mathematical derivations, section
3.2.2):

Ki ¼
Pni

j¼1 Eij
� �Pni

j¼1aij Eij
� �

Pniþ1
j¼1 Eiþ1;j

� �Pniþ1
j¼1 aiþ1;j Eiþ1;j

� �
In which aij and ½Eij� are the catalytic efficiency and concentra-

tion of the jth isozyme catalyzing the ith reaction. This formulation
preserves the core principle that K equals the CAQ, which is a
quotient linking catalytic efficiencies and abundances of enzymes
participating in two connected reactions.

Finally, we quantified the agreement between theory and data by
calculating root mean squared error (RMSE) between log10ðKÞ and
log10ðCAQÞ across all tandem reaction pairs in a pathway. We term
this value the Efficiency Optimality Index (EOI). Although
correlation-based metrics, such as Pearson’s R, can also quantify
the similarity between K and CAQ, those correlation-based metrics
cannot distinguish different proportional relationships, while
RMSE directly assesses deviation from equality. The theory predicts
that at optimal efficiency, K equals CAQ for every pair, resulting in
a perfect alignment between these two quantities (EOI = 0). A
smaller EOI indicates a closer agreement with the theoretical state
of maximal flux efficiency.

Comparison between enzyme allocation profiles and the
K-CAQ relationship for glycolysis

Glycolysis is an ancient pathway conserved across the kingdoms of
life, producing energy from carbohydrates. It is of particular
interest to systems biologists because it is conserved across species,
plays a central role in carbon metabolism, and is subject to complex
regulations (Nemkov et al, 2024) that give rise to rich dynamic
patterns such as oscillation (Chandra et al, 2011) and multistability
(Mulukutla et al, 2014). In addition, the well-characterized steps
and enzymes in glycolysis (Fig. 4A), along with its near-linear
structure and the availability of quantitative experimental data
across biological contexts, make it ideal for mathematical modeling.
Here, we use omics and enzyme kinetics data from three
phylogenetically distant species, H. sapiens, S. cerevisiae, and E.
coli, to assess whether the allocation of glycolytic enzymes is
consistent with the K-CAQ relationship at maximal flux efficiency.

We first retrieved proteomics data for 378 human cell lines from
the CCLE database and transcriptomics data for 5008 human
tumor and normal tissue samples from the TCGA project covering
eight different tissues-of-origin, including breast invasive carci-
noma (BRCA), colon adenocarcinoma (COAD), head and neck
squamous cell carcinoma (HNSC), kidney renal clear cell
carcinoma (KIRC), lung adenocarcinoma (LUAD), lung squamous
cell carcinoma (LUSC), prostate adenocarcinoma (PRAD), and
thyroid carcinoma (THCA). We computed the CAQ of all tandem
reaction pairs in glycolysis, compared them to the upstream
equilibrium constants (Ki) (Fig. 4B–D), and computed the EOI of
glycolysis by comparing these two for each sample. The results
reveal a moderate deviation between K and CAQ across human cell
and tissue types (median EOI around 2.5 for both TCGA samples
and CCLE cell lines, Fig. 4E). A similar pattern was observed in the
unicellular organisms S. cerevisiae (Fig. 4F) and E. coli (Fig. 4G)
across diverse experimental conditions (Fig. 4H). Pearson’s

correlation coefficients between log10ðKÞ and log10ðCAQÞ also
suggest moderate positive correlation between these two (Pearson’s
R ranging from 0 to 0.5 for most human, yeast, and bacteria
datasets, Appendix Fig. S5). Higher RMSE values were observed if
substrate concentrations were not used in estimating the catalytic
efficiencies (Appendix Fig. S6, “Methods”), highlighting the
importance of quantitative metabolite concentrations in validation
of the theory. These results together suggest that K and CAQ are
moderately coupled with each other for glycolytic enzymes across
the three species tested, suggesting that maximization of flux
efficiency can serve as one of the objectives underlying the
organization of glycolysis.

Next, we investigated potential mechanisms enabling the
optimization of flux efficiency. There are two strategies to establish
the coupling between K and CAQ: (1) by tuning enzyme abundance
½E� under a given set of catalytic efficiencies a, or (2) by evolving
enzyme kinetic parameters such as kcat and Km (thus the
corresponding a) so that the thermodynamics-kinetics coupling
remains approximately satisfied over a broad range of enzyme
abundance profiles. Since the evolution of DNA and protein
sequences can change both the expression level (strategy 1) and
kinetic parameters (strategy 2) of an enzyme, optimization of flux
efficiency can involve both strategies. To characterize their
contributions, we performed permutation tests in which the
catalytic efficiencies and abundances of glycolytic enzymes were
individually or jointly permuted. If the cell relies on strategy 1 only,
random permutation of enzyme abundance alone should disrupt
the K-CAQ coupling as strongly as joint permutation. Otherwise, if
optimization relies primarily on kinetic parameter evolution,
permuting catalytic efficiencies alone should have a comparable
effect. We found that compared to the scenario where catalytic
efficiencies and enzyme abundances were jointly permuted,
disrupting enzyme abundances or catalytic efficiencies alone
yielded lower EOI values in all human (Appendix Fig. S7a–c),
bacteria (Appendix Fig. S7d), and yeast (Appendix Fig. S7e)
datasets. Therefore, the evolution of metabolic pathways likely
utilizes both strategies: enzyme kinetic parameters are pre-
optimized to provide robustness (strategy 2), and cells further
fine-tune enzyme expression (strategy 1) to increase flux efficiency.

A trade-off between flux efficiency and control efficiency
explains the deviation between K and CAQ

As the cross-species omics data showed moderate deviation from
the theoretical K = CAQ relationship, we next asked whether such
deviation was dominated by a few key reaction pairs. The
comparison between K and CAQ for glycolytic enzymes across
the three species showed that the largest deviations repeatedly
occur at the reaction pairs GLUT-HK, HK-GPI, and PFK-ALDO in
the H. sapiens and S. cerevisiae datasets (Fig. 4B–D,F) and
GLCptspp-GPI and PFK-ALDO in the E. coli dataset (Fig. 4G).
Upstream reactions of these reaction pairs, such as glucose
transport and phosphorylation, are known as key control points
of glycolysis. At these steps, we repeatedly observed CAQ < K,
suggesting that at key reactions controlling the glycolytic flux,
abundances of enzymes were lower than the theoretically predicted
values at maximal flux efficiency.

From the perspective of MCA, reducing the abundance of an
enzyme can increase its flux control coefficient (FCC), which
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quantifies the sensitivity of steady state pathway flux to local
changes in activity of this reaction. Therefore, the reduced
abundance of enzymes such as GLUT, HK, and PFK may further
enhance their control over the pathway flux, allowing efficient
regulation through a limited number of key reaction steps. We
therefore define a quantity κ named control efficiency (Fig. 5A),
which quantifies the extent by which the control of pathway flux is
concentrated within a few reaction steps or uniformly distributed
over all reactions in the pathway. Control efficiency is defined as

the standard deviation of FCCs:

κ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
n

Xn

i¼1 CJ
vi �

1
n

Xn

j¼1C
J
vj

� �2
s

According to our previous derivations, maximal flux efficiency
requires a specific enzyme allocation profile satisfying K = CAQ. As

A B C

D E

F G H

Figure 4. Comparison between enzyme allocation profiles and the K-CAQ relationship for glycolysis.

(A) Diagram of the glycolysis pathway in H. sapiens, S. cerevisiae, and E. coli. (B) Scatter plot comparing K and average CAQ (ai Ei½ �2=ðaiþ1 Eiþ1½ �2Þ) of tandem reaction pairs in
glycolysis for normal human tissue samples in TCGA. Sample size: n= 112 (BRCA), 41 (COAD), 43 (HNSC), 71 (KIRC), 58 (LUAD), 50 (LUSC), 51 (PRAD), 58 (THCA)
samples. (C) Same as in (B) but for TCGA human tumor samples. Sample size: n= 1117 (BRCA), 291 (COAD), 521 (HNSC), 541 (KIRC), 540 (LUAD), 501 (LUSC), 501
(PRAD), 512 (THCA) samples. (D) Same as in (B) but for 378 CCLE human cell lines. Dots indicate the mean of log10(CAQ), and horizontal bars indicate the standard
deviation of log10(CAQ) across different cell lines. Sample size: n= 378 cell lines. (E) Distribution of RMSE between log10(K) and log10(CAQ), i.e., EOI of glycolysis, for the
human cell lines, tumors, and normal tissue samples. Horizontal lines indicate median values. Sample size: n= 4531 (TCGA tumor), 491 (TCGA normal), 378 (CCLE cell
lines). (F) Same as in (B) but for the budding yeast Saccharomyces cerevisiae. Dots indicate the mean of log10(CAQ), and horizontal bars indicate the standard deviation of
log10(CAQ) across different samples. Sample size: n= 16 experimental conditions. (G) Same as in (B), but for the bacteria Escherichia coli. Dots indicate the mean of
log10(CAQ), and horizontal bars indicate the standard deviation of log10(CAQ) across different samples. Sample size: n= 66 experimental conditions. (H) Distribution of
the EOI of glycolysis in the E. coli and S. cerevisiae samples. Sample size: n= 16 (S. cerevisiae), 66 (E. coli). Source data are available online for this figure.
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decreasing enzyme abundance can increase FCC of a reaction (see
Appendix mathematical derivations, section 2.4.3 for a mathema-
tical proof under the first-order rate law), concentrating flux
control into a few key reactions requires reducing the abundance of
enzymes catalyzing these reactions below the flux efficiency
optimum to increase their FCCs. Because such redistribution of

enzyme abundance deviates from the K = CAQ condition that
maximizes flux efficiency, a trade-off naturally arises between flux
efficiency η and control efficiency κ.

Next, we sought to determine how the trade-off between flux
efficiency η and control efficiency κ shapes enzyme allocation
profiles in linear metabolic pathways. The condition for maximal

A

B C D

E F G

H I J
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flux efficiency requires that the FCCs are proportional to enzyme
abundances (Appendix mathematical derivations):

CJ
vi / ½Ei�

In which CJ
vi ¼

Ei½ �
J

∂J
∂½Ei � is the FCC for the ith reaction in the

pathway. It is worth noting that the derivation of this relationship
only requires the reaction rate to be linear to enzyme abundance,
which is satisfied by the first-order, zero-order, and
Michaelis–Menten rate laws considered here. Simulation with a
linear metabolic pathway under Michaelis–Menten kinetics con-
firms the proportionality between CJ

vi and ½Ei� when the pathway
achieves maximal flux efficiency (Appendix Fig. S8). According to
the summation theorem in MCA, which states

Pn
i¼1C

J
vi ¼ 1, the

relationship below holds at maximal flux efficiency:

Ei½ �
J

∂J
∂½Ei� ¼

½Ei�Pn
i¼1½Ei�

Which means that for any reaction in the pathway,

∂J
∂½Ei� ¼

JPn
i¼1½Ei� ¼ η

Therefore, at maximal flux efficiency, a small reduction δ in the
abundance of any enzyme Ei will reduce the pathway flux J by
approximately δη, yet not all deviations from the flux efficiency
optimum contribute equally to the improvement of control
efficiency. For a given reduction in flux efficiency, the increase
in control efficiency κ is maximized when enzyme abundance is
reduced at reactions that already possess relatively large FCCs at
maximal flux efficiency (e.g., GLUT, HK, and PFK, Appendix
Fig. S9), thereby increasing their control over pathway flux. The
framework of flux-control trade-off therefore provides a plausible
explanation for why physiological glycolysis deviates from the
theoretical proportionality between FCC and enzyme abundance
at maximal flux efficiency, with enzymes catalyzing key control
points such as GLUT and HK expressed at relatively low
abundance.

To illustrate such a trade-off between flux efficiency and
control efficiency, we applied an ε-constraint method to compute
the Pareto front balancing the objectives of maximizing flux
efficiency and maximizing control efficiency in human glycolysis
(Fig. 5B,C, “Methods”). We then identified a representative
solution on the Pareto front, named the CAQ-matched Pareto
solution (Fig. 5A), by selecting the Pareto solution with the
smallest Euclidean distance to the physiological CAQ profile
computed from the proteomics data. The simulated Pareto front
for the flux-control trade-off (Fig. 5C) clearly aligned with the
observed deviation between K and CAQ in human glycolysis
(Fig. 4B–D): reaction pairs GLUT-HK, HK-GPI, and PFK-ALDO

consistently showed CAQ < K in the Pareto front, while reaction
pairs TPI-GAPDH and GAPDH-PGK exhibited CAQ > K. The
directional agreement in the deviation between K and CAQ was
above 80% for almost all samples and dropped to around 50% after
randomly permuting the CAQ profiles (Appendix Fig. S10,
“Methods”), indicating that the Pareto front captures properties
of K-CAQ deviation when the pathway moves away from the
maximal flux efficiency state. The CAQ-matched Pareto solution is
highly consistent with the experimental CAQ (RMSE = 1.3,
Pearson’s R = 0.62, Fig. 5D) and was used as a representative
physiological solution along the Pareto front. We then extended
the analysis to glycolysis in S. cerevisiae and E. coli, and found that
the Pareto front correctly predicted directions of deviation
between K and CAQ across these species (Appendix Fig. S10),
and that the CAQ-matched Pareto solution consistently showed
close agreement with the experimental CAQ (RMSE = 1.8 in S.
cerevisiae and 1.2 in E. coli, Pearson’s R = 0.68 in S. cerevisiae and
0.71 in E. coli, Fig. 5E–J). Finally, the CAQ-matched Pareto
solution for glycolysis in H. sapiens also aligned with the
experimental observation that GLUT, HK, and PFK are key
control points for glycolysis (Appendix Fig. S11) (Tanner et al,
2018). These results together support the theoretical framework of
flux-control trade-off.

The theory of flux-control trade-off correctly predicts
metabolite concentrations

Using a mathematical model of a linear metabolic pathway
representative of glycolysis, we computed steady-state metabolite
concentrations under two scenarios: enzyme allocation profiles
maximizing flux efficiency and CAQ-matched Pareto solutions
(“Methods”). We then compared the predicted metabolite concen-
trations with experimental values collected from the literature
(Fig. 6). The results showed that while the flux-efficiency-
maximizing enzyme allocation profiles substantially overestimated
metabolite concentrations and exhibited poor agreement with
experimental measurements (RMSE ≈ 4, Pearson’s R ≈ 0.2,
Fig. 6A–C), enzyme abundances from the CAQ-matched Pareto
solution showed good agreement with experimental metabolite
concentrations in H. sapiens (RMSE = 1.4, Pearson’s R = 0.67,
Fig. 6D), S. cerevisiae (RMSE = 0.5, Pearson’s R = 0.90, Fig. 6E),
and E. coli (RMSE = 1.0, Pearson’s R = 0.69, Fig. 6F). The systematic
overestimation produced by the flux-efficiency-maximizing solution
suggests that real glycolytic pathways operate away from the
maximal-flux optimum. Incorporating the flux-control trade-off
through CAQ-matched Pareto solutions substantially improved the
agreement with experimentally measured metabolite concentrations,
therefore further supporting the theory of flux-control trade-off.

Figure 5. A trade-off between flux efficiency and control efficiency explains the deviation between K and CAQ.

(A) Definition of flux efficiency and control efficiency, and the Pareto front balancing the needs to maximize these two objectives. (B) Scatter plot showing flux efficiency
and control efficiency in randomly sampled enzyme allocation profiles (gray dots), Pareto front balancing these two (green curve), and the CAQ-matched Pareto solution
(orange diamond) for human glycolysis. Sample size: n= 2000 (random), 101 (Pareto). (C) Relationship between K and CAQ on the Pareto front for glycolysis in H.
sapiens. Orange diamonds indicate the CAQ-matched Pareto solution. Sample size: n= 101 Pareto solutions. (D) Scatter plot comparing CAQ values between the CAQ-
matched Pareto solution and experimental values computed from proteomics data for glycolysis in H. sapiens. (E) Same as in (B), but for the budding yeast S. cerevisiae.
Sample size: n= 2000 (random), 101 (Pareto). (F) Same as in (C), but for the budding yeast S. cerevisiae. Sample size: n= 101 Pareto solutions. (G) Same as in (D) but for
the budding yeast S. cerevisiae. (H) Same as in (B), but for the bacteria E. coli. Sample size: n= 2000 (random), 101 (Pareto). (I) Same as in (C), but for the bacteria E. coli.
Sample size: n= 101 Pareto solutions. (J) Same as in (D), but for the bacteria E. coli. Source data are available online for this figure.
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Flux-control trade-off in E. coli TCA cycle

We next asked whether the flux-control trade-off theory can
explain enzyme allocation in metabolic pathways beyond glycolysis.
To test its generality, we analyzed the TCA cycle in E. coli as an
additional system (Fig. 7A). We illustrated the trade-off between
flux efficiency η and control efficiency κ by constructing the Pareto
front (Fig. 7B). We then compared K and CAQ for reaction pairs in
the TCA cycle and found that K and CAQ correlated poorly with
each other (Fig. 7C). The largest deviations were observed for the
reaction pairs AKGDH-SUCOAS and ICDHyr-AKGDH (Fig. 7C).

Notably, the reaction pair AKGDH-SUCOAS exhibited CAQ <
K. This reflects the same reaction-specific pattern observed in
glycolysis: deviations from K = CAQ were concentrated at known
control points rather than being randomly distributed across the
pathway. Because AKGDH is a known control point of the TCA
cycle (Green and Storey, 2020; Hansen and Gibson, 2022), this
observation is consistent with the prediction of the flux-control
trade-off theory that enzymes catalyzing key control steps may be
expressed below the flux-efficiency optimum to concentrate flux
control into a small number of reactions. This interpretation is
further supported by the Pareto front and the CAQ-matched Pareto

solution (Fig. 7D), which reproduced the large deviations at
AKGDH-SUCOAS and ICDHyr-AKGDH observed in the experi-
mental data. CAQ profile of the CAQ-matched Pareto solution
showed good agreement with the experimental CAQ (RMSE = 1.3,
Pearson’s R = 0.85, Fig. 7E). Finally, the CAQ-matched Pareto
solution also improved the accuracy of metabolite concentration
prediction (RMSE = 0.8, Pearson’s R = 0.78, Fig. 7F) compared to
the solution maximizing flux efficiency (RMSE = 1.0, Pearson’s
R = 0.75, Fig. 7G). Taken together, these results indicate that the
flux-control trade-off may also shape enzyme allocation in
metabolic pathways outside glycolysis.

Validation of the Pareto front independent of
proteomics-based calibration

As the identification of CAQ-matched Pareto solution uses
proteomics data to infer the physiological position of enzyme
allocation along the Pareto front, we further tested the predictive
power of the Pareto front independently of this calibration
procedure. First, we showed that experimental CAQ profiles were
consistently closer to the Pareto front than randomly permuted
CAQ profiles, with permutation P values ranging from 0.01 to 0.07

A B C

D E F

Figure 6. The theory of flux-control trade-off correctly predicts metabolite concentrations.

(A) Scatter plots comparing metabolite concentrations predicted by the maximal-flux solution to experimental measurements for glycolysis in H. sapiens. (B) Same as in
(A) but for the budding yeast S. cerevisiae. (C) Same as in (A), but for the bacteria E. coli. (D) Scatter plots comparing metabolite concentrations predicted by the CAQ-
matched Pareto solution to experimental measurements for glycolysis in H. sapiens. (E) Same as in (D) but for the budding yeast S. cerevisiae. (F) Same as in (D), but for
the bacteria E. coli. Source data are available online for this figure.
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(0.04 for glycolysis in H. sapiens, 0.06 for glycolysis in S. cerevisiae,
0.01 for glycolysis in E. coli, and 0.07 for the TCA cycle in E. coli,
Appendix Fig. S12, “Methods”). Second, to test whether the Pareto
front can predict experimental CAQ profiles without using
proteomics data to pre-select a physiological Pareto solution, we
used experimental metabolite concentrations instead of proteomics
to select a metabolite-matched Pareto solution, defined as the

Pareto solution with predicted metabolite concentrations closest to
the experimental measurements in log10 space (“Methods”). The
metabolite-matched Pareto solution showed moderate-to-strong
agreement with the experimental CAQ profiles for glycolysis across
all three species (Pearson’s R ranging from 0.58 to 0.71 and RMSE
ranging from 1.2 to 1.8, Appendix Fig. S13). The correlation was
weaker for the E. coli TCA cycle (Appendix Fig. S13), largely due to

A B

C D E

F G

Figure 7. Flux-control trade-off in E. coli TCA cycle.

(A) Scheme of the TCA cycle in E. coli. (B) Scatter plot showing flux efficiency and control efficiency in randomly sampled enzyme allocation profiles (gray dots), Pareto
front balancing these two (green curve), and the CAQ-matched Pareto solution (orange diamond). Sample size: n= 2000 (random), 101 (Pareto). (C) Scatter plot
comparing K and CAQ for reaction pairs in E. coli TCA cycle. CAQ values were estimated from proteomics data for E. coli. Dots indicate the mean of log10(CAQ), and
horizontal bars indicate the standard deviation of log10(CAQ) across different samples. Sample size: n= 66 experimental conditions. (D) Relationship between K and CAQ
on the Pareto front balancing flux efficiency and control efficiency. Sample size: n= 101 Pareto solutions. (E) Scatter plot comparing CAQ values between the CAQ-
matched Pareto solution and experimental values computed from proteomics data. (F) Scatter plot comparing metabolite concentrations predicted by the CAQ-matched
Pareto solution to experimental measurements. (G) Scatter plot comparing metabolite concentrations predicted by the maximal-flux solution to experimental
measurements. Source data are available online for this figure.
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the discrepancy for the AKGDH-SUCOAS reaction pair, whose
CAQ varies substantially along the Pareto front (Fig. 7D). Never-
theless, 21 of 35 reaction pairs differed by less than 10-fold between
the predicted and experimental CAQ values, supporting the general
agreement between the Pareto front and experimental CAQ
profiles. Importantly, because the metabolomics and proteomics
datasets were obtained from independent studies and were not
sample-matched, this analysis provides cross-dataset evidence that
these two independent omics modalities converge on a shared
underlying region of the Pareto front. Taken together, these results
show that the agreement between experimental CAQ profiles and
the Pareto front is not an artifact of the CAQ-matching procedure,
and that the predictive power of the Pareto front can be tested
without using proteomics data to select a physiological Pareto
solution.

Determinants of glycolytic efficiency optimization

The theory of flux-control trade-off predicts that, in real cells,
metabolic pathways operate within the Pareto front, balancing the
objectives of flux efficiency maximization and control efficiency
maximization. The preference between the two objectives could
vary across cell types and conditions, as the EOI values varied
across cell types (Fig. 4E) and experimental conditions (Fig. 4H).
Furthermore, using the mathematical model of glycolysis we
developed previously (“Methods”), we computed several candidate
metrics for the EOI alongside the Pareto front for the flux-control
trade-off (Appendix Fig. S14) and confirmed that the currently
used EOI metric, RMSE between log10(K) and log10(CAQ),
increases monotonically and continuously alongside the Pareto
front as flux efficiency η decreases. Therefore, the EOI value
quantitatively captures the position of a solution along the Pareto
front between flux-efficiency maximization and concentrated flux
control.

Here, we sought to identify potential determinants of the EOI of
glycolysis. We correlated gene expression levels to EOI of glycolysis
in each type of TCGA tumors, and performed gene set enrichment
analysis (GSEA) to identify KEGG pathways associated with lower
EOI (i.e., better agreement with the K = CAQ relationship) in each
cancer type (Fig. 8A). We found that lower glycolytic EOI was
consistently associated with the activation of multiple oncogenic
signaling pathways across all cancer types (Fig. 8B,C; Appendix
Fig. S15), suggesting that aggressive tumors have a stronger drive to
optimize glycolytic efficiency. Another universal trend observed in
the TCGA tumors is the association between higher EOI of
glycolysis and enhanced expression of ribosome (Appendix
Fig. S16a,b) and oxidative phosphorylation (OXPHOS) genes
(Appendix Fig. S16c,d). This trend indicates a potential trade-off
between glycolytic efficiency and other energy-consuming pro-
cesses and alternative energy-producing routes.

Another factor that may affect the optimization of glycolytic
efficiency is the total cellular investment in glycolytic enzymes. We
computed the fraction of glycolytic enzymes in the total cellular
proteome and correlated it with the EOI of glycolysis. A positive
correlation between these two was observed in most of the samples
(16 positive correlations out of 19 groups of samples, Fig. 8D;
Appendix Fig. S17), suggesting that a tighter constraint on total
available glycolytic enzyme abundance is a key driver for
maximization of the pathway efficiency. This mirrors a principle

of rational economics in which optimal efficiency was necessitated
under scarcity of resources.

Taken together, these results highlight the heterogeneous nature
of glycolytic efficiency optimization and reveal potential determi-
nants of it. The link to oncogenic signaling suggests that
pathological processes could change the economic decision of cells,
while the inverse relationship with proteomic investment provides
a clue that resource constraints may shape metabolic efficiency.

Discussion

In this study, we derived a quantitative K-CAQ coupling relation-
ship linking thermodynamics and kinetics underlying optimal flux
efficiency of metabolic pathways and compared it with experimen-
tally measured enzyme allocation profiles across species and cell
types. The moderate agreement between this relationship and
omics data across species suggests that optimization of flux
efficiency serves as one objective of metabolic pathways, while the
deviation from this relationship in key control points of glycolysis
and the TCA cycle indicates the existence of alternative objectives.
The simplicity of this K-CAQ relationship also opens a route for
rationally engineering synthetic pathways towards maximal effi-
ciency, addressing a key challenge where engineered metabolic
pathways often suffer from extremely low efficiency due to the lack
of a predictive theoretical framework.

Regarding the K-CAQ coupling relationship, several points need
to be clarified. First, it should not be interpreted as a biochemical
necessity imposed directly by thermodynamics or enzyme biology.
Rather, it emerges as the optimal solution with the objective of
maximizing flux efficiency under enzyme resource constraints,
instead of a mandatory physical law that all pathways must satisfy
under all conditions. Alignment of in vivo metabolic pathways to
this relationship is feasible because cells can adjust CAQ values
through evolution of enzyme kinetic parameters and regulation of
enzyme abundances to match the K values.

Second, the coupling between K and CAQ at maximal flux
efficiency reflects a strategy of kinetics-thermodynamics matching.
For each reaction, its rate can be decoupled into the product of the
forward flux and a thermodynamic term 1� P½ �

K S½ � (Appendix Fig. S2a,
Appendix mathematical derivations, section 2.1). Two reasons can
lead to a low reaction rate: (1) the reaction rate is limited by
kinetics, in which the forward flux is low because of insufficient
substrate, low expression or activity of the enzyme; (2) the reaction
rate is limited by thermodynamics, in which it operates in a near-
equilibrium state and carries high backward flux (1� P½ �

K S½ � � 0).
Reactions with large K are generally less likely to be limited by
thermodynamics, hence allocating more enzymes to these reactions
would help overcome the limitations by kinetics and boost the
reaction rate. This intuition explains why reactions with larger
equilibrium constants tend to receive greater enzyme investment
under maximal flux efficiency. Nevertheless, as CAQ depends on
enzyme abundance and kinetic parameters of two adjacent
reactions, equilibrium constants alone do not completely determine
the amount of enzyme resource allocated into a reaction step. As an
example, we compared the theoretically predicted enzyme abun-
dances following the K-CAQ relationship and equilibrium
constants of reactions in glycolysis and the TCA cycle and showed
that reactions with greater K do not necessarily have higher enzyme
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abundance, although a positive correlation between these two exists
(Appendix Fig. S18).

Acknowledging maximization of flux efficiency as one impor-
tant metabolic objective, previous studies have investigated
conditions for optimal efficiency from the perspectives of enzyme
kinetics, reaction thermodynamics, and flux control, showing that
the state of maximal flux efficiency is associated with evenly
distributed thermodynamic driving force along the pathway (Noor
et al, 2014; Park et al, 2016) and proportionality between enzyme
abundances and FCCs (Heinrich and Klipp, 1996). While previous
studies progressively established the conceptual connection
between thermodynamics, enzyme cost, and metabolic control,
our work extends this line of research by deriving an explicit,
closed-form optimality condition for enzyme allocation. First,
unlike previous theoretical studies that rely on complex numerical

solutions (e.g., the ECM method (Noor et al, 2016)), our work
establishes a simple relationship readily applicable to realistic
metabolic pathways with biological complexities such as cofactors
and isozymes. Numerical simulations confirm its robustness across
different rate laws, in which the core coupling between K and CAQ
holds under the most complex reversible Michaelis–Menten
kinetics.

Second, our theory about the K-CAQ relationship addresses a
distinct level of proteome optimization. While previous coarse-
grained models focus on global allocation among major func-
tional sectors such as ribosome and metabolism (Basan et al,
2015; Scott et al, 2010; Zhu et al, 2025), our theory operates at the
local pathway level, determining how enzymes are optimally
distributed among reaction steps to maximize the efficiency of
each pathway. Hence, the distinction parallels that between
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Figure 8. Determinants of glycolytic efficiency optimization.

(A) Top pathways enriched in genes negatively correlated with EOI of glycolysis in TCGA-COAD. Statistical test: permutation test. (B) Enrichment scores for oncogenic
signaling pathways negatively associated with EOI of glycolysis. (C) Regulatory links between oncogenic signaling pathways associated with EOI of glycolysis. Blue blocks
indicate membrane-associated pathways and purple blocks indicate membrane-unassociated pathways. (D) Spearman’s rank correlation between the fraction of glycolytic
enzyme in the total cellular proteome and EOI of glycolysis. Sample size: n= 19 groups of samples. Source data are available online for this figure.
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macro- and micro-economics, together illustrating how economic
principles operate at multiple scales to achieve optimal cellular
resource allocation.

Moving beyond consideration of flux maximization as the only
objective, our theoretical framework of flux-control trade-off
provides an explanation of the deviation from the K-CAQ
relationship: metabolic pathways tend to downregulate enzymes
catalyzing reactions with larger FCCs at maximal flux efficiency,
yielding a more concentrated flux control through a few key control
points. Such concentrated flux control might enhance the
responsiveness of the cell to changes in activity and abundance of
enzymes catalyzing these key control steps and reduce the
complexity of the upstream regulatory network. A similar idea
underlies the theory of network controllability, which seeks to
identify a minimal set of driver nodes capable of controlling the
dynamics of a complex network (Liu et al, 2011). The phenomenon
that a few key regulators control a large network is observed in
many biological systems – examples include operons that involve a
cluster of genes controlled by a single promoter, master regulators
controlling the developmental landscape of cell fates (Davis and
Rebay, 2017), and command neurons controlling animal behaviors
(Flood et al, 2013). The broad existence of these controllers suggests
that concentrating control within a reduced set of regulators may
represent a common design principle across biological systems, yet
concentrating control might not be free of cost. Our results raise
the possibility that metabolic pathways adopt a similar strategy by
concentrating flux control into a small number of reactions at the
expense of reduced flux efficiency.

Another important output of our study is the EOI metric that
quantifies the position of a pathway within the Pareto front
between maximal flux efficiency and concentrated flux control.
This enables systematic investigation of efficiency optimality across
biological conditions. Applying this metric, we found that two key
patterns emerge: first, EOI was negatively correlated with
oncogenic signaling in human tumors, suggesting that malignant
cells not only upregulate glycolysis, but also optimize its efficiency;
second, EOI was positively correlated with total proteomic
investment in glycolysis, revealing a “scarcity-driven efficiency”
where tighter resource constraints necessitate stronger efficiency
optimization. This pattern is reminiscent of human rational
decision-making under budget limitations, indicating an intrinsic
similarity between fundamental principles of natural and societal
processes.

Finally, our theoretical framework of flux-control trade-off does
not exclude other competing metabolic objectives. Other goals,
such as robustness to environmental fluctuations (Basan et al, 2020;
Shen et al, 2024), minimization of metabolite load, and facilitation
of metabolic switch, also have profound effects, resulting in a pre-
optimized thermodynamic pattern of pathways (Fan et al, 2025),
precise tuning of metabolite concentrations (Tepper et al, 2013),
and scaling between metabolites and enzymes (Dourado et al,
2021). A complete understanding of how cells balance these
potential objectives requires both the construction of a higher-
dimensional Pareto front and integration of multi-omics data to
map how different cellular states navigate this Pareto landscape.
Looking forward, such analysis should extend to genome-scale
metabolic networks to provide a quantitative description of how
cells balance multiple competing objectives under varying physio-
logical conditions.

Methods

Reagents and tools table

Reagent/
resource Reference or source

Identifier or catalog
number

Experimental models

Recombinant DNA

Antibodies

Oligonucleotides and other sequence-based reagents

Chemicals, enzymes, and other reagents

Software

MATLAB
R2024b

MathWorks (https://www.
mathworks.com/)

R 4.3.2 R Project (https://www.r-project.
org/)

Other

Linear pathway model with Michaelis–Menten kinetics

A linear pathway model with 10 reaction steps was used to simulate
the optimal enzyme allocation maximizing the flux efficiency using
MATLABR2024b. The dynamics of the intermediate metabolite
concentrations in the pathway can be modeled using the ordinary
differential equations (ODEs) below:

d Si½ �
dt
¼ vi � viþ1

In which i ¼ 1; 2; � � � ; 9. For the first reaction in the pathway, its
substrate is the input metabolite Sin with a fixed concentration ½Sin�.
For the last reaction in the pathway, its product is the output
metabolite Sout with a fixed concentration ½Sout �. Otherwise, the
substrate and product of the ith reaction is Si�1 and Si, respectively.

Reaction rate of the ith reaction in the pathway is calculated
from the reversible Michaelis–Menten rate law (Appendix math-
ematical derivations) (Cornish-Bowden, 2012):

vi ¼
kcat;i Ei½ � Si�1½ �

KS;i

1þ Si�1½ �
KS;i
þ Si½ �

KP;i

1� Si½ �
Ki Si�1½ �

� �

In which Si�1½ � is the concentration of the substrate, Si½ � is the
concentration of the product, kcat;i is the turnover number of the
enzyme, KS;i is the Michaelis constant for the substrate, KP;i is the
Michaelis constant of the product, Ki is the equilibrium constant,
and Ei½ � is the concentration of the enzyme. The reaction
thermodynamic and kinetic parameters and boundary metabolite
concentrations were randomly sampled from realistic datasets for
human metabolites and metabolic enzymes. For the turnover
number kcat and Michaelis constant Km, kcat values predicted by
DLKcat (Li et al, 2023; Li et al, 2022) and Km values predicted by
the machine learning model developed by Kroll et al (Kroll et al,
2021) were used. For the equilibrium constants K , standard Gibbs
free energy change values (ΔrGo) for human metabolic reactions
predicted by the dGbyG algorithm were used. For concentrations of
the input and output metabolites ½Sin� and ½Sout �, experimentally
measured absolute concentrations of metabolites in a human cell
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line were used. We randomly sampled 10,000 combinations of
enzyme parameters and metabolite concentrations from these
datasets. Only parameter sets producing positive pathway flux were
kept for the following analyses.

For each parameter set and a candidate enzyme abundance
profile E, the steady state concentrations of intermediate metabo-
lites ½Si� was computed by solving the steady state equations:

d Si½ �
dt
¼ vi � viþ1 ¼ 0

As the reaction rates vi and viþ1 can be written as functions of
the kinetic parameters kcat ; KS;KP , the equilibrium constants K ,
intermediate metabolite concentrations S, enzyme abundances E,
and the boundary metabolite concentrations ½Sin� and ½Sout �, the
steady state equations can be written as the form below:

vi kcat ;KS;KP;K ;E; S; Sin½ �; ½Sout �ð Þ ¼ viþ1ðkcat ;KS;KP;K; E; S; Sin½ �; ½Sout �Þ
Because directly solving the nonlinear steady state equations

using the MATLAB function fsolve[] has numerical issues, we
converted the problem into a least-squares optimization problem:

min
S
jjvi kcat ;KS;KP;K; E; S; Sin½ �; ½Sout �ð Þ � viþ1 kcat ;KS;KP;K; E; S; Sin½ �; ½Sout �ð Þjj2

This problem was solved using the MATLAB function
lsqnonlin[] to address numerical difficulties of directly solving
the nonlinear equations. Steady state pathway flux J was then
computed from the steady-state metabolite concentrations based on
the rate law. As the whole procedure computes pathway flux J from
kcat ;KS;KP;K;E; Sin½ �; ½Sout �, the pathway flux J can also be written
as a function of these parameters and concentrations:

J ¼ Jðkcat ;KS;KP;K ;E; Sin½ �; ½Sout �Þ
Optimal enzyme allocation profile maximizing flux efficiency

under a given parameter set was computed using the MATLAB
constrained optimization solver fmincon[] to maximize the path-
way flux with the upper bound of total enzyme abundance set to 1:

max
E

Jðkcat ;KS;KP;K ;E; Sin½ �; ½Sout �Þ

s:t:
0 � ½Ei� � 1Pn

i¼1 Ei½ � � 1

	

Estimation of equilibrium constant

Equilibrium constants (K) of each reaction were calculated from
standard Gibbs energy changes (ΔrGo) based on the equation
ΔrGo ¼ �RTlnK, with R = 8.314472 J·mol⁻¹·K⁻¹, T = 298.15 K (H.
sapiens and S. cerevisiae), or T = 310.15 K (E. coli). ΔrGo of
glycolysis reactions for eukaryotes were obtained from experi-
mental data in literature (Mathews, 2013). For E. coli, ΔrGo values
were predicted using the machine learning model dGbyG (Fan
et al, 2025), under physiological conditions compiled from
literature (Hurwitz and Rosano, 1967; Noor et al, 2013)
(Dataset EV1). Subsequently, the adjusted equilibrium constant (
K0) was calculated from the original equilibrium constant K and
intracellular concentrations of cofactors by multiplying the ratio of
the product of concentrations of cofactors serving as products to

the product of concentrations of cofactors serving as substrates by
the original equilibrium constant K. For example, the phosphor-
ylation of glucose catalyzed by hexokinase has the chemical
equation below:

ATPþ D-Glucose !ADPþ D-Glucose 6-phosphate

Here we treated ATP and ADP as cofactors and used their
intracellular concentrations to compute the adjusted equilibrium
constant:

K 0 ¼ K
½ATP�
½ADP�

The adjusted equilibrium constants in the three organisms are
available in Dataset EV2. Substrate concentrations were obtained
from published datasets (Bashir et al, 2015; Chowdhury, 2020; Park
et al, 2016; Thorfinnsdottir et al, 2023) (Dataset EV3).

Estimation of catalytic efficiency

We estimated the catalytic efficiency of metabolic enzymes using
reversible Michaelis–Menten kinetics, considering substrate satura-
tion. In this case, the catalytic efficiency of an enzyme can be
computed from its kinetic parameters kcat and Km, together with
the concentration of substrate:

a � kcat
Km þ S½ �

For the enzyme kinetic parameters kcat and Km, since
experimental values from the BRENDA enzyme database (Chang
et al, 2021) are missing for the wildtype form of several enzymes in
glycolysis and individual measurements from different sources vary
a lot, we used values predicted based on amino acid sequences of
the catalytic subunit of each enzyme and molecular structures of its
substrates by two deep learning algorithms, including kcat values
predicted by DLKcat (Li et al, 2023; Li et al, 2022) and Km values
predicted by the machine learning model developed by Kroll et al
(Kroll et al, 2021). Amino acid sequences of the enzymes obtained
from UniProt and SMILES strings encoding structures of the
metabolites retrieved from MetaNetX (Moretti et al, 2021) were
used in the prediction (Consortium, 2025). The predicted values of
enzyme kinetic parameters were available in Dataset EV4. For the
TCA cycle in E. coli, these kinetic parameters, as well as
thermodynamic parameters and metabolite concentrations, are
available in Dataset EV5. Experimentally measured absolute
metabolite concentrations (Bashir et al, 2015; Chowdhury, 2020;
Park et al, 2016; Thorfinnsdottir et al, 2023) in human cells, the
bacteria E. coli, and the unicellular eukaryote S. cerevisiae were used
together with the enzymatic parameters to estimate the catalytic
efficiency a.

A specific case that needs to be addressed is the GLCptspp
reaction catalyzed by the phosphotransferase system (PTS) in E.
coli. The PTS consists of three components: enzyme I (EI), histidine
phosphocarrier protein (HPr), and membrane-bound sugar-specific
permeases (enzymes II, EII) (Kotrba et al, 2001). In the iML1515
model, the gene-reaction rules for GLCptspp include the following
genes: ptsI (EI), ptsH (HPr), crr (EII), ptsG (EII), malX (EII), manX
(EII), manY (EII), and manZ (EII). We used the amino acid
sequence of the subunit ptsG responsible for specific glucose
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binding and catalysis (EC:2.7.1.199) in the prediction of the kinetic
parameters.

Omics data processing

Information about reactions in glycolysis, including their substrates,
products, and gene-protein-reaction relationships, was extracted from
the following genome-scale metabolic models (GEMs): Recon3D (H.
sapiens) (Brunk et al, 2018), iML1515 (E. coli) (Monk et al, 2017), and
iMM904 (S. cerevisiae) (Mo et al, 2009). This study utilized three
published proteome datasets. The proteomics data for 378 human
cancer cell lines were obtained from the Cancer Cell Line Encyclopedia
(https://sites.broadinstitute.org/ccle/datasets) (Nusinow et al, 2020).
The mass spectrometry intensities of the proteins were normalized
into molar fractions using the molecular mass of the enzymes. The
proteomics datasets for E. coli and S. cerevisiaewere retrieved from two
published datasets summarizing absolute protein copy numbers in the
two species across independent proteomics studies (Ho et al, 2018;
Mori et al, 2021).

Transcriptomics datasets in human tumors and normal tissue
samples were obtained from The Cancer Genome Atlas (TCGA)
database (https://www.cancer.gov/tcga). Transcripts Per Million
(TPM) data for BRCA, HNSC, KIRC, LUAD, LUSC, PRAD, and
THCA were downloaded directly. Original paired-end FASTQ
files for COAD were downloaded and mapped to the human
genome (GRCh38) using STAR (version 2.7.9a) (Dobin et al,
2013). Read counts were then calculated using featureCounts
(version 1.5.3) (Liao et al, 2014), and subsequently normalized
into TPM using R (version 4.3.2). Zero expression levels were
replaced with a small positive number of 10−6 to avoid zero or
infinity values of the resulting CAQ. The fraction of glycolytic
enzymes in the entire cellular proteome was computed by
dividing the total protein copy number of glycolytic enzymes
by the total copy number of all proteins (proteomics datasets) or
approximated by computing the total TPM of all glycolytic genes
(transcriptomics data).

Mathematical models for glycolysis and the TCA cycle

Linear metabolic pathway models with first-order kinetics were
constructed to represent glycolysis and the TCA cycle. Each linear
metabolic pathway starts from an input metabolite Sin that is
converted to an output metabolite Sout through a sequence of
reaction steps. For the glycolysis models, extracellular glucose
(Glc(e)) was treated as the input metabolite, and pyruvate (Pyr) was
treated as the output metabolite. For the TCA cycle model, citrate
(Cit) was treated as the input metabolite, and oxaloacetate (Oaa)
was treated as the output metabolite. The rate for the ith reaction
was computed as follows:

vi ¼ ai Ei½ � ½Si�1� � Si½ �
Ki

� �

In which ai is the catalytic efficiency estimated for the ith
enzyme (see “Estimation of catalytic efficiency” for details), Ei½ � is
the concentration of enzyme, Si�1½ � is the concentration of the
substrate Si�1, Si½ � is the concentration of the product Si, Ki is the
equilibrium constant adjusted by cofactor concentrations (see
“Estimation of equilibrium constants” for details).

We first computed steady state concentrations of intermediate
metabolites by solving the steady state equations below:

ai Ei½ � ½Si�1� � Si½ �
Ki

� �
¼ aiþ1 Eiþ1½ � ½Si� � Siþ1½ �

Kiþ1

� �
; i ¼ 1; 2; ¼ ; n� 1

These are linear equations for the intermediate metabolite
concentrations S and were solved using the MATLAB matrix
operator “\”. After computing the steady state metabolite
concentrations, the pathway flux J can be computed as follows:

J ¼ a1 E1½ � ½Sin� � S1½ �
K1

� �

Finally, FCCs CJ
vi can be computed as follows (Dai and Locasale,

2018) (Appendix mathematical derivations, section 2.4.3):

CJ
vi ¼

1

ai Ei½ �
Qi�1

l¼1Kl

 � Pn

l¼1
1

al El½ �
Ql�1

m¼1Km

� �

Construction of the Pareto front

The Pareto front for the trade-off between flux efficiency and
control efficiency was constructed using ε-constraint algorithm.
Briefly, we first computed the maximal flux efficiency from the
enzyme allocation profile satisfying the K-CAQ relationship. We
assumed that the total abundance of enzymes is equal to 1, as the
flux efficiency is invariant upon scaling enzyme abundances.
Furthermore, because the flux efficiency η is defined as the ratio
of flux J to total enzyme abundance, we have η ¼ J when the total
enzyme abundance equals 1, therefore can simplify the following
analyses. The solution of enzyme abundance at maximal flux
efficiency satisfies the equations below:

Ki ¼ ai Ei½ �2
aiþ1 Eiþ1½ �2Pn

i¼1 Ei½ � ¼ 1

(

According to these equations, enzyme abundances maximizing
flux efficiency can be computed from the catalytic efficiencies and
equilibrium constants:

Ei½ � ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ai
Qi�1

l¼1Kl

q Pn
j¼1

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aj
Qj�1

l¼1Kl

q
0
@

1
A

We computed the maximal flux Jmax from the enzyme
abundances above. A series of constrained optimization problems
were then constructed to compute solutions within the Pareto
front:

max
E

κ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
n

Xn

i¼1 CJ
vi �

1
n

Xn

j¼1C
J
vj

� �2
s

s:t:

Pn
i¼1 Ei½ � ¼ 1

J � αJmax

	

In which CJ
vi is the flux control coefficient for the i-th reaction,

α 2 ð0; 1Þ is a value quantifying the minimal allowed flux J relative
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to the maximal flux Jmax. A larger value of α indicates a stronger
tendency to maximize flux J , while a smaller value of α indicates a
stronger tendency to maximize the control efficiency κ. 100
different values of α ranging from 10�3 to 10�0:03 were used to
solve the optimization problem and trace the Pareto front:

αi ¼ 10�0:03i; i ¼ 1; 2; ¼ ; 100

The resulting constrained optimization problems were solved
using the MATLAB function fmincon[], generating 100 Pareto
solutions corresponding to those different values of α. These
Pareto solutions were then compared to real CAQ values
estimated from proteomics data to define the CAQ-matched
Pareto solution.

Quantification of directional agreement in
K-CAQ deviation

For the i-th reaction pair in a species–pathway combination
(glycolysis in H. sapiens, glycolysis in S. cerevisiae, glycolysis in E.
coli, or TCA cycle in E. coli), because the deviation between K and
CAQ is unidirectional in the Pareto front, we defined a directional
label for the deviation between K and CAQ along the Pareto front:

sPareto;j ¼
�1; Kj<CAQj

1; Kj>CAQj

(

Next, for each experimental CAQ profile computed from
proteomics data, CAQprot;i ¼ ðCAQi1;CAQi2; ¼ ;CAQi;n�1Þ, we
also defined directional labels for the deviation between K and
CAQ in this CAQ profile:

sprot;ij ¼
�1; Kj<CAQij

1; Kj>CAQij

(

The directional agreement Ai in K-CAQ deviation between an
experimental CAQ profile CAQprot;i and the Pareto front was then
defined as the percentage of directional labels consistent between
the experimental CAQ profile and the Pareto front:

Ai ¼
#ðsPareto;j ¼ sprot;ijÞ

n� 1

In which n� 1 is the number of tandem reaction pairs in the
pathway. For the randomized controls, each CAQ profile was
permuted once by randomly shuffling the labels of reaction pairs.
Directional labels and directional agreement for the deviation
between K and CAQ were then computed for the shuffled CAQ
profiles using the same procedure described above.

Computation of CAQ-matched and metabolite-matched
Pareto solutions

For each species–pathway combination, we first computed the
average CAQ across all available proteomics datasets. This average
CAQ profile served as the reference for identifying the CAQ-
matched Pareto solution.

Let CAQprot denote the average CAQ profile computed from
proteomics, and CAQi denote the CAQ vector computed from the
ith Pareto solution (i.e., the Pareto solution corresponding to αi in
the section “Construction of Pareto front”), we computed the

Euclidean distance between CAQprot and CAQi in the log10-space:

di ¼ jjlog10 CAQprot


 �� log10 CAQið Þjj
2

The Pareto solution with the smallest di among all 100 Pareto
solutions was selected as the CAQ-matched Pareto solution.

Similarly, to select the metabolite-matched Pareto solution, we
computed steady-state metabolite concentrations for each Pareto
solution. Let Sexp denote the experimentally measured metabolite
concentration vector, and Si denote the metabolite concentration
vector computed from the ith Pareto solution, we computed the
Euclidean distance between Sexp and Si in log10-space, and selected
the Pareto solution with smallest Euclidean distance as the
metabolite-matched Pareto solution.

Permutation analysis of experimental CAQ profiles

For each species–pathway combination, the cross-sample average
CAQ profile was permuted 1000 times by randomly shuffling the
labels of reaction pairs, generating 1000 permuted CAQ profiles.
Let CAQperm;i denote the ith permuted CAQ profile, its distance to
the Pareto front was computed by the smallest distance between it
and all 100 Pareto solutions in log10-space:

dperm;i ¼ min
j
jjlog10 CAQperm;i


 �� log10 CAQj


 �jj
2

Let dprot denote the Euclidean distance between the unpermuted
experimental CAQ profile and the Pareto front:

dprot ¼ min
j
jjlog10 CAQprot


 �� log10 CAQj


 �jj
2

The permutation P value was defined as the fraction of dperm;i

that fell below dprot in all 1000 values of dperm;i.

Gene set enrichment analysis (GSEA)

All transcriptome datasets were divided into tumor and normal
groups based on sample information. Within each group, the mean
TPM value for each gene was calculated for samples sharing the
same EOI value. Spearman’s correlation coefficient between each
gene’s expression values and EOI was then computed, representing
the degree to which the gene’s expression is coupled with glycolytic
efficiency. Genes were ranked based on this coefficient. KEGG
pathway enrichment analysis was performed in R (version 4.3.2)
using the clusterProfiler package (version 4.10.1) (Wu et al, 2021)
with an adjusted P value (Padj) cutoff of <0.05.

Data availability

Thermodynamics, kinetics, and omics data used in this study and
scripts for validation of the theory are available at the GitHub
repository: https://github.com/bioinf-kud/Optimality-in-glycolysis-
enzyme-allocation. Scripts for simulating enzyme allocation, flux
efficiency, and flux-control trade-offs in linear metabolic pathways
under different rate laws are available at the GitHub repository:
https://github.com/ziweidai/Linear_metabolic_pathway_
optimization_and_control.

The source data of this paper are collected in the following
database record: biostudies:S-SCDT-10_1038-S44320-026-00250-5.
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Expanded view data, supplementary information, appendices are available
for this paper at https://doi.org/10.1038/s44320-026-00250-5.
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